The propagation of diffuse energy on an unwetted flat plate with attached heterogeneities is examined using a statistical, multiple scattering approach. The statistically homogeneous heterogeneities lightly couple the membrane and flexural waves. The problem is formulated in terms of the Bethe-Salpeter equation, which governs the field covariance. It is reduced to a radiative transfer equation in the limit that the attenuations per wave number are small, i.e., when the heterogeneities are weak. This radiative transfer equation governs the diffuse energy propagation as a function of space, time, and propagation direction. Solutions of the radiative transfer equation are presented for the simple case of attached heterogeneities in the form of delta-correlated springs excited by an extensional point source. The results show the evolution of the extensional, shear, and flexural energy densities across the plate as a function of time. A similar approach is expected to apply to the more complicated case of submerged complex structures.
INTRODUCTION
Numerous difficulties are often associated with the analysis of wave propagation on complex submerged shells. Heterogeneities attached to the shell typically scatter the energy propagating on the main structure. The scattered energy subsequently propagates into the surrounding fluid, into the internal structure, and into other propagation modes. The description of the energy propagation on such structures is thus not trivial.
Complicated structures have three frequency regimes which are distinguished for purposes of simplifying analysis. In the low-frequency regime, local heterogeneities are much smaller than a wavelength and have little effect on responses. Finite element analyses are successfully used because the structure can be accurately described by its lowest few modes. In the high-frequency regime, energy deposited on the shell surface is quickly shed back into the fluid before much scattering can occur. Here, ray methods are particularly successful. In the intermediate frequency range, scattering effects are important and must be included in any description of the shell response. In this regime finite element methods fail because of the high number of modes necessary to model the structure accurately. For this reason, statistical methods have been developed to describe energy propagation in this complicated frequency regime.
Statistical approaches to the vibration and acoustics of complex systems are not new. Statistical energy analysis ͑SEA͒, 1 which has its roots in the 1960s, 2,3 was perhaps the first rational approach for the examination of the ensemble average vibrational behavior of such structures. The energy flow through a structure is modeled by a steady-state heat conduction ͑diffusion͒ equation. The validity of SEA is based on the assumptions that the fields within substructures are fully equipartitioned. The energy is then assumed to diffuse between substructures. In order to satisfy the SEA assumptions each substructure must usually be highly reverberant with many excited modes. SEA has been used most successfully to obtain average energy distribution information in the steady state. The range of applicability of SEA has been the subject of considerable research and debate. Langley 4, 5 recently developed a wave intensity analysis ͑WIA͒ technique which relaxes the isotropy of energy assumption required by SEA. Essentially, he expanded the energy density angular distribution in terms of a finite Fourier series. The first term of his expansion is then the SEA result. Higher-order Fourier components are corrections to the SEA solution. Langley still used the steady-state diffusion equation model although he recognized its limitations for highly damped structures and for describing behavior near sources. Diffuse fields have also been discussed by Weaver regarding unwetted flat plates, 6, 7 elastic half spaces, 8 and submerged thin shells. 9 In this article, which expands on previous work, 10 a statistical approach is used as well. The attached heterogeneities are assumed to couple the membrane and flexural waves lightly. The diffuse plate energy propagation is examined using a multiple scattering approach. The problem is formulated in terms of the Bethe-Salpeter equation which governs the field covariance. The Bethe-Salpeter equation is then reduced to an equation of radiative transfer in the limit that the heterogeneities are weak. The derived structural acoustics radiative transfer equation ͑SARTE͒ is the main result presented. This SARTE governs the propagation of the specific intensities of the diffuse extensional, shear, and flexural wave types as a function of space, time, and propagation direction. The diffuse fields in this case are the result of a͒ Current address: Fraunhofer Institute for Nondestructive Testing ͑IzfP͒, Dept. GR., Building 37, University, 66123 Saarbrücken, Germany.
scattering from random heterogeneities. This is in contrast to the usual case in reverberation room acoustics and SEA in which the incoherence follows from irregular reverberant reflections from the boundaries of substructures. For early times, locations near sources, or for highly damped systems, the SARTE reduces to a single scattering equation. At late times, or far from sources, the radiative transfer equation reduces to a time-dependent diffusion equation. The main assumption used in the derivation of the SARTE, that the heterogeneities are weak, may limit the range of applicability. However, the scatterers are only assumed weak in the sense that mean-free propagation paths are long compared to a wavelength. This aspect is more extensively addressed in the body of the article.
Rybak used a similar approach to describe the onedimensional steady-state propagation of weakly coupled flexural and longitudinal energy. 11, 12 However, he reduced the Bethe-Salpeter equation to a steady-state diffusion equation directly without the intermediate radiative transfer step. It is the radiative transfer equation with retained time dependence and shear modes that we suggest sheds new light on the study of complex shells.
A brief clarification is also made at this time. The SARTE describes the energy propagation in terms of a quantity called specific intensity. It is defined as the energy flux per unit time per planar angle and is a scalar quantity. Langley uses the term intensity in his work as well. 4, 5 However, his intensity is a vector quantity which is identified here as the energy flux vector.
In Sec. I the problem of interest is outlined and pertinent quantities defined. Section II contains a discussion of the Bethe-Salpeter equation which governs the energy density. The Bethe-Salpeter equation is reduced to a radiative transfer equation in Sec. III. In Sec. IV a numerical solution method is discussed. Finally, results for the simple case of delta-correlated springs are presented in Sec. V.
I. STOCHASTIC PLATE EQUATION
Consider an unwetted flat plate with thickness h as shown in Fig. 1 . The plate has in-plane displacements u 1 and u 2 and out-of-plane displacement w in the z direction. Random spatially varying complex impedances are attached such that extensional, shear, and flexural motions are all coupled. The added impedances are assumed to have spatial distribution and coupling strengths with known first-and secondorder statistics.
The motion of the plate is described by the Green's dyadic G i j ͑x,xЈ;t͒ which defines the ith Cartesian displacement response at x due to an excitation in the jth Cartesian direction ͑i, jϭ1,2,3͒ applied at xЈ, where the vector x is a twodimensional vector (x 1 ,x 2 ) defined within the plane of the plate. The temporal Fourier transform pair of G is defined as
The temporally Fourier transformed coupled membraneplate equations for this plate are
The plate operator, L ki , is given by
where c p 2 ϭE/(1Ϫ 2 ) defines the extensional, or ''plate'' wave speed and E is the elastic modulus, is the Poisson's ratio, and is the volumetric density of the plate material. The shear and flexural wave speeds are c s 2 ϭ(1Ϫ)c p 2 /2 and c f 2 ϭ hc p /ͱ12, respectively. The frequency dependence of c f will remain implicit throughout. An infinitesimal imaginary part, ⑀, has been added to the frequency to emphasize that the transform, Eq. ͑1a͒, is defined for Im͕͖Ͼ0.
The random impedance parameter Z ki ͑x,͒ is a function of position and frequency and couples all propagation modes. It is assumed here to be a local operator. 10 The fluctuations of the added impedance are assumed small such that the average added impedance, Z 0 ϭ͗Z͘, and covariance, ͗͑Z͑x͒ϪZ 
Here, W is a spatial two-point correlation function. For the form shown in Eq. ͑4͒, it has been assumed that the distribution of impedance orientation is independent of the spatial distribution. The assumption of statistical homogeneity is evident in the form of W which is a function of x-y only. The fourth-rank tensor ⌶ and the function W will, in general, also be functions of inner frequency, . Equation ͑2͒ is a stochastic partial differential equation because of the random nature of Z. It has deterministic operator, L ki , characteristic of the decoupled membrane-plate equations. It also has the random operator, Z ki . Equation ͑2͒ is of the form considered by Frisch 13 for the propagation of waves through random media. Previously, the mean plate response, ͗G͘, was derived by solution of the Dyson equation. 10 Scattering attenuations due to mode conversion effects were calculated in the limit of weak heterogeneities. Our emphasis here is on the diffuse energy propagation and thus the covariance of the Green's dyadic, ͗GG*͘. This quantity is related to the acoustic energy density 4, 5, 14 and is governed by the Bethe-Salpeter equation. 13, 14 An important distinction must also be made regarding the two different time and length scales of this problem. The short time behavior of the plate displacements, when Fourier transformed, becomes a function of the inner frequency, , present in the coupled membrane-plate operator, Eq. ͑3͒. The much slower time scale associated with the evolving diffuse energy Fourier transforms to an outer frequency, ⍀. Similarly, the two length scales of this problem transform to an inner wave vector, p or q ͑with magnitude of order /c͒, and an outer wave vector denoted by ⌬.
Thus, the spatial Fourier transform of the covariance of the Green's dyadic is properly used to represent the diffuse acoustic energy density, E, as has been previously discussed.
14 The spatially and temporally transformed diffuse energy density is defined as
where the * denotes a complex conjugate and also denotes the Green's dyadic evaluated at ϩ⍀. It has been implicitly assumed in Eq. ͑5͒ that the energy has been bandpass filtered over a frequency band, ⌬ such that ӷ⌬ӷ⍀.
14 This assumption is equivalent to the assumptions applied in the derivation of optical radiative transfer equations. 15, 16 
II. BETHE-SALPETER EQUATION
The relationship between the acoustic energy density and the covariance of the Green's dyadic, ͗GG*͘, allows us to proceed with the derivation of an equation that governs this diffuse energy as a function of space, time, and propagation direction.
We begin by defining the spatial Fourier transform of the covariance
The energy density is given in terms of this quantity by
͑7͒
The stochastic partial differential equation given by Eq. ͑2͒ is of the form discussed extensively by Frisch for wave propagation through random media. 13 From his treatise, it is clear that there are two fundamental equations necessary for the present work. The Dyson equation governs the mean response, ͗G͘, and was considered previously. 10 There it was shown that attenuations due to scattering arise because of the interaction of the propagating waves with the heterogeneities. These attenuations are not the result of true dissipative processes which would extract energy from the plate. Instead, these scattering attenuations are the result of a loss of coherence of the field due to scattering. One particular wave type propagating in a given direction will scatter its energy to other propagation types and other propagation directions. This result will be illustrated here as well.
Here we begin with the Bethe-Salpeter equation, which governs the covariance of the Green's dyadic, ͗GG*͘. The results for the mean plate response were derived assuming that the heterogeneities were not large, i.e., that the attenuations per wave number were small. 10 This same approximation is used here as well. The Keller approximation, 17 also called the first-order smoothing approximation 13 ͑FOSA͒ or Bourret approximation, 6,7 allows the intensity operator, K, to be approximated as 13, 14 
In Eq. ͑10͒, W is the spatial Fourier transform of the twopoint correlation function discussed above. The assumption of statistical homogeneity appears in W which is a function of pϪs rather than the individual wave numbers, p and s. The fourth-rank tensor ⌶ is in general complex if the heterogeneities have internal losses. This approximation is often termed the ''ladder approximation'' in reference to the shapes of the associated diagrams which can be used to represent H. The ladder approximation implies a limitation on the range of validity of the subsequent analysis. It has been assumed that the scattering is weak such that the scattering attenuation per wave number, ␣/k, is small. The quantity ␣/k is a critical parameter in localization studies. In fact ␣/kϳ1 is the Ioffe-Regel criterion for the onset of Anderson localization. 18, 19 Thus, the use of the ladder approximation precludes any prediction of localization. However, the criterion ␣Ӷk is generally not very restrictive for most applications.
A somewhat simpler form of the Bethe-Salpeter equation is obtained by definition of a new quantity, S, which defines the source of the covariance
In Eq. ͑11͒, the inverse double mean Green's dyadic, ⌫
Ϫ1
, is defined as
The energy density is given in terms of the quantity S by
With the definition of S given by Eq. ͑11͒, the BetheSalpeter equation can be appropriately contracted to the following form:
͑14͒
As noted previously, 14 scattering problems such as this one have three naturally arising length scales. The inner and outer wave numbers are /c and ⌬, respectively, and the attenuation is ␣. The assumption of weak heterogeneities implies that ␣Ӷ/c as was used previously. 10 The weak heterogeneity assumption also implies that the spatial variation in the diffuse energy varies much slower than the inner wave number, ⌬Ӷ/c. In the next section these two limits are used to reduce the contracted version of Bethe-Salpeter equation, Eq. ͑14͒, to a radiative transfer equation. The more restrictive assumption that ⌬Ӷ␣ can be used to further reduce the radiative transfer equation to a diffusion equation.
14

III. STRUCTURAL ACOUSTICS RADIATIVE TRANSFER
The Bethe-Salpeter equation, Eq. ͑14͒, governs the propagation of the energy density. It is an integral equation without general analytical solutions. However, the integral over the magnitude of the wave number can be simplified within the context of the assumption of weak heterogeneities. The poles of ⌫, defined in Eq. ͑9͒ as the double mean Green's dyadic, will dominate the integral of Eq. ͑14͒. 10 In
where ␦ i j is the two-dimensional Kronecker delta and ŝ is, of course, in the (x 1 ,x 2 ) plane. The inner wave numbers of the bare plate are defined by
The extensional, shear, and flexural energy propagators, R, are defined in terms of the outer frequency, ⍀, and outer wave number, ⌬, by R e ͑ŝ,⌬͒ϭ c p /2 e Ϫiŝ-⌬ϩi⍀/c p ,
The energy attenuations, , resulting from scattering, are twice the corresponding displacement attenuations, ␣. 10 The energy propagators contain the group speeds for the respective propagation modes, as expected.
With the approximation given by Eq. ͑15͒, Eq. ͑14͒ now becomes
is a radiative transfer-type equation. The source of covariance, S, is equal to the primary source plus a secondary source. The secondary source, in scattered direction p , is given by an integral over all incident directions ŝ. This integral describes the energy that has scattered from other directions ŝ into direction p .
Using the same approximation, Eq. ͑15͒, the energy density becomes, in direct notation,
where I is the two-dimensional identity dyadic ͑Iϭx 1 x 1 ϩx 2 x 2 ͒.
Equation ͑18͒ can also be manipulated into a more familiar form of radiative transfer equation. 15, 16, 20 First, the source function is expanded in terms of its three nonzero components
The other components of S do not contribute to the energy density, Eq. ͑19͒. These components describe the coherent interference between the three wave types. Since each wave type has a very different wave speed, such coherencies become unimportant after a propagation length on the order of the wavelength. 
The specific intensities correspond to the energy flux per unit time per planar angle. They describe the energy density propagating in a particular direction. The definition of the source function, these specific intensities, and the inverse temporal and spatial transforms of the propagators, Eqs. ͑17͒, allow Eq. ͑18͒ to be rewritten in its most familiar form Note that there are no interference terms as in the electromagnetic or elastic cases. 15, 16, 20 This is due to the disparate wave speeds of all wave types. The structural acoustics radiative transfer equation ͑SARTE͒ given by Eq. ͑22͒ defines the propagation and scattering of flexural and membrane energy as a function of space, time, and propagation direction. It includes all multiple scattering effects and is valid within the limits of its primary assumption that the scattering is weak, before the onset of localization. Radiative transfer equations have been studied extensively for astrophysical and electromagnetic, 15, 16 heat transfer, 21 and ultrasonic applications. 20 The scattering matrix, P = ͑,Ј͒, has components 
These scattering matrix components are defined in terms of a scattering function, ͑,Ј͒, which is an inner product on ⌶, and the spatial Fourier transform of a two-point correlation function, W ͑,Ј͒. 10 The required scattering functions are given by
with a sum over all indices ␣,␤,␥,␦ϭ1,2. The unit vectors ŝ and p are the incident and scattered propagation directions defined by Ј and , respectively. The heterogeneities considered here are oriented with transverse isotropy such that P = is a function only of ⌽ϭϪЈ. 
As one might expect, the scattering matrix P = is related to the intensity attenuation matrix, = . It is easily shown that
as expected. 20 Should the heterogeneities have internal degrees of freedom, such as those considered by the recent fuzzy structures literature, [22] [23] [24] an additional dissipative matrix will arise which will account for those losses. The energy density is given in terms of the Stokes parameters by
The energy flux vector ͑called the intensity by Langley 4, 5 ͒ is similarly given by F͑r,t ͒ϭ ͵ 0 2 ͕I e ͑ r,t, ͒ϩI s ͑ r,t, ͒ϩI f ͑ r,t, ͖͒ ϫ͕x cos ϩŷ sin ͖ d. ͑29͒
In the diffusion limit, the energy density and energy flux vector are further found to be related by FϭϪD"E, where D is the appropriate diffusivity.
Equation ͑22͒ defines the total intensity, both coherent and diffuse. The interest here is primarily in the diffuse intensity. An equation for the diffuse intensity alone can also be derived. The total Stokes vector is first separated into its coherent and diffuse parts as
The coherent intensity, I គ c , is the solution of Eq. ͑22͒ with the integral term removed. For a point excitation of all three wave types the coherent solution is given by
where I e 0 , I s 0 , and I f 0 are the incident extensional, shear, and flexural intensities, launched in the respective directions e 0 , s 0 , and f 0 . Substitution of Eq. ͑30͒ into the SARTE results in an equation governing the diffuse intensity only
The three source terms at the end of Eq. ͑32͒ are the coherent energies from each of the incident propagation types that have singly scattered into diffuse energy of all propagationtypes. Their amplitudes contain the scattering functions of the scattering matrix P = and are given by FIG. 4 . Diffuse flexural energy density, E f , at tϭ1,2,4,7 extensional meanfree times, respectively ͑a͒-͑d͒, to an incident extensional wave launched in the x 1 direction. The flexural energy density has been scaled by a factor of 171 when compared with the extensional energy density of Fig. 2 .
IV. SOLUTIONS OF THE SARTE
Simple closed-form solutions of radiative transfer equations are not known for general scattering matrices. 15, 16 Therefore, numerical solutions are often used for their solution. The case of an incident extensional point source launched in the x 1 direction is now examined. The SARTE for this problem is given by Eq. ͑32͒ above with the shear and flexural incident diffuse sources set to zero. Thus, we seek the solution of
is first spatially Fourier transformed giving
where ⌬ is the outer wave vector and spatial transform parameter ͑with components ⌬ 1 and ⌬ 2 in the x 1 and x 2 directions͒. The integral term of Eq. ͑35͒ is simplified by expanding the dependencies of I គ, P = , and ⌿ គ e in terms of Fourier series as
From the definition of the energy density given by Eq. ͑28͒, we see that the jϭ0 component of the I គ expansion is used to calculate the energy density.
These expansions are substituted into Eq. ͑35͒. The orthogonality of the Fourier terms removes the integral. The resulting equation is then successively multiplied by e Ϫil , for lϭϪN•••ϩN, and integrated over the unit circle. The result is a set of 6Nϩ3 coupled ordinary differential equations
The above coupled, time-dependent ODEs can be easily solved at discrete values of the outer wave number components. A number of solution methods are possible with the constraint that the diffuse intensities are zero at tϭ0. Once the solution to Eq. ͑37͒ has been obtained in the spatial Fourier transform domain, an inverse fast Fourier transform can be used to return the solution to the (x 1 ,x 2 ) domain.
V. RESULTS FOR DELTA-CORRELATED SPRINGS
A simple example is now presented in order to illustrate a result typical of Eq. ͑34͒. The case considered previously of heterogeneities in the form of delta-correlated linear springs attached to a rigid ground 10 is examined in the context of diffuse energy propagation. This type of heterogeneity does not have internal degrees of freedom. Thus, the attached impedances act as lossless scatterers which redistribute the diffuse energy between the propagation modes and directions. These scatterers do not remove energy from the plate. 
where k is the dimensionless average spring stiffness, is the number density of the springs, and A is the plate area. The assumption that the spring positions are delta correlated implies that W (⌽)ϭA/(2) 2 for each scattering type. As before, parameters are chosen for this example which are relevant to submerged thin shells. A dimensionless excitation frequency, ϭh/c p , is defined which is unity for frequencies of the order of the coincidence frequency. Our interest is in frequencies near the ''ring'' frequency, where the cylinder's circumference fits one extensional wavelength. In this case, ring ϭc p /R with R the cylinder radius. Thus assuming R/hϭ100 we use an excitation frequency, ϭ0.01. The total added stiffness is assumed to equal the breathing mode stiffness for which kϭ10 Ϫ4 /h 2 . 10 Finally, the plate is assumed to be a 5-cm-thick steel plate with spring density, ϭ1.15 springs per square meter which implies that kϭ0.035. These density and stiffness parameters result in significant scattering attenuations.
The numerical scheme given in Sec. IV was used to reduce the SARTE, Eq. ͑34͒, to the system of coupled ODEs given by Eq. ͑37͒. Equation ͑37͒ was then converted to an eigenvalue problem governing the vector Iϭ͕I ϪN ,..., I Ϫ0 ,...,I ϩN ͖ T , composed of the Fourier components of the specific intensities. The eigenvalues and eigenvectors describe the time domain evolution of I. The eigenvalue problem was solved with Nϭ9 and with 64 Fourier components for both outer wave vector directions. The solutions, obtained at discrete values of ⌬ 1 and ⌬ 2 , provided time-wave vector domain solutions which were then numerically inverse fast Fourier transformed back to the time-space domain. Results of the extensional, shear, and flexural diffuse energy densities, E e , E s , and E f as a function of space and time are presented. The energy densities shown are obtained from the corresponding specific intensities according to Eq. ͑28͒. The results are shown at times given in terms of a dimensionless time, tϭtc p e , such that time is measured in units of the mean-free time of an extensional wave before scattering. Figure 2 shows the evolution of the diffuse extensional energy density, E e , at times tϭ1,2,4,7. A section of the plate near the origin is shown. The incident extensional wave has been launched at the origin in the x 1 direction. Figure 2͑a͒ is the result after one extensional mean-free time, tϭ1. The large peak seen in Fig. 2͑a͒ is the singly scattered energy. The diffuse energy can be imagined as a sum of multiple scattering events. At early times, single scattering will dominate the diffuse energy. This concept is evident in Fig. 2͑a͒ . Most of the diffuse energy at this early time has been scattered only once. The trailing envelope is the remaining scattered energy. In Fig. 2͑b͒ , the diffuse extensional energy at tϭ2, the singly scattered energy is much smaller and is a smaller fraction of the total diffuse energy. The singly scattered energy moves at the speed of the incident intensity and decays exponentially. In Fig. 2͑c͒ , the result at four extensional mean-free times, the diffuse extensional energy is spatially much smoother. The singly scattered energy is now barely visible-only a small fraction of the total energy is in the singly scattered form. The diffuse energy is now dominated by energy that has scattered two or more times. The result at tϭ7, shown in Fig. 2͑d͒ , shows little evidence of the singly scattered energy. Most of the extensional energy now is contained in the slowly spreading diffuse envelope which will become more isotropic as time progresses.
The evolution of the diffuse shear energy density, E s , is shown in Fig. 3 for the same time steps of Fig. 2, tϭ1,2,4,7 . However, the amplitude scale is different from Fig. 2 . As previously noted, the energy scattered in such a system is redistributed into all available propagation modes in such a way that the more densely packed modes receive more energy. 10 The modal density of the shear waves is higher than the modal density of the extensional waves. Thus, the incident extensional wave will lose more energy into the shear wave type than into the extensional wave type. Therefore, the diffuse shear energy shown in Fig. 3 has been scaled by the modal density ratio, n s ()/n e ()ϭc p 2 /c s 2 , which, for the parameters chosen, is 2.86. The evolution of the diffuse shear energy is similar to that of the extensional.
The singly scattered energy ͑extensional to shear͒ dominates at early times and becomes less important at later times.
Finally, the diffuse flexural energy evolution is shown in Fig. 4 . The flexural energy, E f , has also been scaled by the modal density ratio, n f ()/n e ()ϭc p 2 /2c f 2 . However, in this case, for the inner frequency chosen, the scaling is by a factor of 171. The majority of the energy in the incident extensional wave is scattered into the flexural wave type. This result is also evident in the ''tail'' immediately behind the propagating source. The extensional source sheds a large amount of its energy immediately into the more densely packed flexural degrees of freedom. This diffuse energy propagation can be examined for very late times as well. The energy in each propagation type is seen to slowly spread outward from the center of the plate becoming more isotropic. At late times or far from the source, the appropriate equipartitioning of energy is also observed as expected. 
VI. DISCUSSION
The propagation and scattering of flexural and membrane waves on a heterogeneous plate has been formulated using radiative transfer theory. The structural acoustics radiative transfer equation ͑SARTE͒ was derived from consideration of an appropriately averaged wave equation. The parameters of the SARTE are given in terms of the statistics of the attached heterogeneities. The SARTE was derived using the assumption of weak scattering which is not expected to be very restrictive, but does not predict the development of Anderson localization.
However, the results for the simple example considered are very illustrative. The launched extensional wave was seen to lose its energy, because of scattering, into other directions and propagation modes. The high modal density of the flexural degrees of freedom acted as an energy sink to the majority of the incident energy deposited in extensional form. The diffuse energy was seen to evolve from early times, when it was dominated by the singly scattered energy, to late times, when the energy became more uniformly distributed and isotropic. The approach to the limit of energy equipartitioning between the extensional, shear, and flexural mode types at late times was also observed as expected.
The above analysis provides a methodology that can now be used for more complex structures that include spatially varying curvature and more complex attachments. Energy losses into a surrounding fluid and losses due to internal degrees of freedom must also be included in order to model more realistic structures.
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